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Abstract

I’llis pal)cr  add re s se s  a  significant
lmt  lllostly-~lcglectlccl class of ImJ}J-
lmns that ~vc c a l l  bounds esti77uz-
fion. l’llis  illcludcs  lcarlling  clnl)iri-
cal best-case and worst-case alRoritll-
Inic colnl)lcxity  bounds  and rd-lille
bounds  on selwor  d a t a . WC’ ])lo-
l)OSC a lnetliodology  for l)oullds esti-
IIlation using regressio]l w i t h  asyln-
Inctric  cost fullc.t ions and dcx[lollstratc
its lmformal~ce  using a sl)ecific linear-
regressioll  ~ncthod. Wc argue  that
its focus 0]1 l)ounds lnakcs it lmefer-
al)le to exis t ing Cwtilnaticnl mdllods
for lml~lds estimation l)roljlclns.

1 llltrocl~lctlion

Work  ill the areas of artificial neural  network and statis-
tical ~)attcrn recognition over tllc last several years lias
resultd ill Sigllific.ant, Iwogms  011 Indlcxls for  estilna -
timl l)roldelns lcarlling  all al)l)roxill~atioll  of a gene-
rator  functiml  given a finite  set of (possildy lmisy ald
part ial)  ~)atterlls of tfle (contilluom)  target outl)ut  and
the (not ~leccssary  a l l  colltil~mus)  illl)uts. III tlw silll-
1 Jest, and lnost  co)nmollly used forlnj wl~ich we will call
7nca7L  estimat  Z07L,  a regrmsioll  network learlw t o IJrcdict
the  illl~llt-collclitioxlal ~ncan of tile target .  III tile IIlost
com~)lex forlll, called probability dmsity mfz7rmfio7L,  tllc
Ilctwork  leanls to indict tlw inl)ut -conditional lml)al )il-
ity of each ~)ossil)lc  outlmt value, SUC1l that, tflc SUII1 mu
all of tllesc  values for each l~atterll  is o]le. 1’IIc l)ol)lllar
colnlwolnise }mtweei) these two extrclnes  are mm bf17s

(e.g. [4], [10] ), l,ased  o,) lear~led ill~,tlt-collclitiollal  ,llca,,
~)lus/lnirlus lcanml illljllt-cc)llclitiollal variance.

Ill this  pal)cr,  w arc colkcerlld  wit]l a large class of
ilnlmrt,ant  lnmblellls  for which w’c will atguc  that lt~eall
estilnatiml  (evcll wit,ll error  })ars) is  too silul)listic  and
tfmt  other  existill~  pro})ability dcnlsity estimation lnetll-
mls are both cxcessiwly  coml)lcx slid solnewllat  illal)l)rm
~)riatc. ‘1’llis class includes  lno~litoling l)llysical systelm
for tile sak of triggering a d alarln  (e.g. NASA Sl)ace
Shuttle  ol)crat,iolls),  cvnpirical cletcrltlitl:ttic)ll of l)est-case
and worst-case  comlJexity  km] Lds for algoritlll  M (e.g.
quicksort),  and learlling  int ma-valued evaluation funct-

ions for ~alnc-tree scarcllcrs  such as II* [21. \JTe call this. . . .
class of lm})lelns  I!IO’lllldS  est271tot201t  f)~Ofk7)lS.

As fat as we ktlo~v, tllc t eclll~ique  which we \vill l)resent
ill tfiis lml)er is the first regmsim-l)ased learning  al.go-
Iitlllll  sl)ecifically desifyled tc) address bounds  estimaticm
l)rol)lelns.  Ill order  to l)etter  ullderstatid  wily existing cs-
t il[latio[l teclllliqucs  are ill-suited for l)oullds est ilnat ion
\re lvill first discuss ill solne detail lIOW they  uuuld ljellavc
(MI sucli I)rol)lcIm+. Jt’e w i l l  thml l)wselit  our new tecll-
]Liqlle  for avoiding these Sllort-cmnings  allcl delnollstrate
it 011 solnc siml)le  yet illustrative cxaml)les.  Finally, we
identify  sollkc lilnitatiolls  in our curmlt al) Inmcll ad
suggest lnwllisillg  areas for future  wwk.

2 Motivation
As i~iit ial Illotiwitiol] for this ],a],er, consider  tile task
o f  eltll]ilically  dcterl~lillillg acwlratc  titne  collll)lcxity
lK)uI\ds for a givml  illll)letllctltatiol~ of tllc quit.ksort al-
goritflln.  F’ol a list of si~e N, its wwrst-case (I)ut  gmler-
ally ram) Imulid is 0(AT2) and its lmst-case  lJOUIICI  (and
exl)ectcd-case)  is fl(AT/og Ar). III dcfllling a regression
]Ictwwk a~l(l training l)attwlls for this  examl)lc,  we will
1 )ret e]~d t lmt WK’ did liot kllo~v tflwe  facts already. Fbr
sillll)lificat ion, ~ve collsidcr  l)asic quicksortl  Ivitllout  tile
colllltlml lllc’cliatl-c)f-tlL1ee Ctlllallcf’lllc’llt. Ill that case, the
wxmst-case  lists are easy to dcscril)e tflcy are initially
fully ordered.

l’or  sillll)licity, assulne  we l)rcdefil]c  tile I)rol)lcvn as a
siltll)le lilwar regression to fllld tile six weights  v~l , . , Iofi
f o r  tile linear  wwigllte(l-sulll: fitnc  = ‘U1l + I 1 1 2 , 1 O . $ J N  +

?/~:{N  ‘t 7f~4N/Of/~r  + ‘L(14 N2 + 711:) N:{ + 10G2*’ . ~01 l’OU~ll
cst ilnat iolm of tllc t illlc co]lll)lcxity of tile lnany colm
l)~lter algoritllllls  wllicll nave a l)ri[nary  scaling  factor N,
one ltliglkt llq)e tlmt  this sl)ecific Silnl)lc  lillcar  quatioll
WY)uld  suflice. 1 Iowmw,  as w will now’ discuss, previ-
olls cst ilnat ion lndliods will pel form very l)oorly 011 this
exallll)le, wlleleas  our ]ImY technique  f[l)cls  cc)lnl)lcxity
Imllids  that one lvould consider reasollal  )Ie ancl useful.

We Illust s t r e s s  t h a t  tile only r e a l i s t i c  goal for
rcgrf’ssic)ll-l)as(’cl  Imutlds Cstilllatioll  is to find b o u n d s
that sat isfy Solile (clolllaill-sl~c(ificcl) accq)tal)le  rate of
violation oll a wlidat imi data set. 1’1111s, “cxl)ected”
lKmlLds, well if o~wlt igllt rclat  ive to tile t ruc bounds
for tile entire  underlying dolnail] distril)utio!l,  Illust 1.K7
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accq)tal)le.  l’llis is Ilot tyl)ically  a l)rolJlclII; for  malll-
l)lc, IIlollitorillg  tasks call tolerate SOIIIe slIIall  fak alatlll
rat c. II I  t Ilis regard,  a Ic’glt’ssic)[l-l)asccl  a] JI)roacll  Illust
Imewwily  differ fm]l a I now aImlyt ic-l)ascd al)l)Ioacl  I.

2.1 Mean  lktimatiol~  Is  Inadequate

]]~ d(’filliti[)ll,  lll(?all  C’Stilllat  ion \Vill, at 1110s(, [)C al)]C tO
accurately cwtimatc Ol)ly  tllc cxlmtccl-case.  I;vC’11 tlwll,
trying  to wlsurc  tllc  lcanlill.g of accurate wrcig]lts  011 tllc
crltica]  AT1ogAr  and  N2 terms (say, to colnl)are  two qaick-
sort  illl})lclncllt  atiolm) would  ilalmsc  a great l~urdcll  ml
us t o eusurc  that  our ~)at tmlis  arc truly  rq)rcwl[tat  iw
o f  tl~c actaal  l i s t s  ill  our al)l)licatioll  do~rmill.  III ]ml-
t icular,  w e  would  ltavc to be cslwcially  careful  Ilot t o
illcludc  all l]lllcl)lcsc~ltati~’~’  ILIIIIIIJer  of lmtt,crlls lIear ci-
tllcr  tllC worst-case 01 tllc lmt-case. }/01 (’XiLllll)lC’, if \ve
w’isll to rallclcnaly gmlcratc  lnany trai[iillg  ~mttcllw, our
generator  Inust reflect t lLC Cxl,c’ct  cd dist rit jut iwt of it t it ial
ordcrdllcss ill OLIr  alJ1)licat ion’s lists, as ~vcll as ally ot IIcr
ilnl)ortallt  factors (e.g. tlic allloulit  of dal)licat(’ elml~mits
ill each list, ek). Otf~crwisc, lllcat~ cstitnatiol]  will liot
be tellillg  us allytf~illg of real value. I:or  wmlal)lc, it al-
ready calllkot cmlficlmktly idcllt ify tl~e worst-case  lwa]]d,
ulllcss we actually slmoII fd it o]lly  worst-case l)attmlls
(wliicll WC arc assulllillg  WC do not already know).

of course, we arc also assulnillg  tfw gmicral caw wl~m’
both tllc Imt and worst case for Illally N is Ilot, kILowIi
t o  mist ill tllc set o f  training  l)attcrlis.  Otlmwisc, ill
this  sirtll)lc exalnl)lc  of m]ly olic itll)ut,  OILC  could ol)vi-
ous]y jllst rctaill tllc l)attwlls wit 11 I)laxilllulll  (Iliiliillllllll)
ta~gets  for cacl L illl)ut valw, and uw lll(wl~ wtillmtiml
to Collfidclltly filLcl ffLc l~igll ( low) I)ou[id. }1’(lItllc’IIltc)~(,
IIotc that cvcii if collecting  SUCI1  a co~lll)ldc set of lm-
terlls  was Imssil)le,  Such ill~)llt-collclitiollal  lllill/llmx  tar-
get ~m-filt crill~ is l~ot fcasil]k  it I ~mlcral, cvrnl for rcl:l-
tivcly slnall sets of il~l)uts.  It would cffcctiwly  require a
Ill(llti-clilllc’llsiollal lListogralIl (wliose sim is Cxlwllmltia]
ill tl[c Iluml)er of illl)uts tilnrs  tflc Ilullllm  of I)its  required
t o rqncsmit cacll ill] )ut value), wlmc each l)ill relllcI1l-
l)crs the lnillill~ulll  ald Iliaxillluln  target value s(wl  for
tllc sc~ of ilLl)ut valucw that I)ill rq)r(wvltd.

Also llotc tl~at it is ]Lot souIId tc) CWII try t () mugl~ly

mtilnate  a lligll l)oul]d as tllc lnost  coll}l)lw ilLl]ut tcrlll
with a  Siglliflcantly Iloll-z,mo  wcigllt ill a lLlcaIL mtillm-
tioll. ~’l~c reason  is  that  estilnat,illg  tlw ]Lmuk laay not
rcqLlirc  ally sip,llificallt accoLlllt ilkg of tllc worst cases, cs-
lwcially if t}ic IImalt case is polyllolllial  and tllc (raw)
wrist case is cx}mllelltial. ~“llL’tllCL’lIKM’,  :LII ald[)~OLIS

att(vnl)t for fLlldillg low I)oullds  is liot cveli lmssil)lc

2 .2  Error  Bars  Are  lnadequat  c

Alt iloL@L error  bars al”c sl]wifically  desigyld  to rdfect
iltl)tlt-ccJ~lcliticJllal collfldmlcc  ill lncall Cstillmtiolls, this
quicksort  cxala])lc  illusttatm t list tllcy do Imt adqaat c’ly
ad(lL’C’SS illC’ ~(’lIClal  l) OUILdS C! StilllatiOIL  l) L’O])k’11). ~{’ol”  CX-

alnl)le,  WC’ lni.gl]t illdmd lcarII  error IXIIS wit IIill wlLiclt

95% of all quicfwort  tiIlm for a give)}  N will fall. l)ut
tl)at  still does Ilot t (’11 us now llig,ll or low’ tflc quicksort
tilllc call IN for tflat N.

Nfost i][ll]ortafitly, Iiote tl~at ill this examlk, tllc 5XI
o f  tlw Imttml]s  mltsidc  of tlkosc  cmor I)ars \vill not lW
lLollaally distril]Litd. ‘lllLC quichort t ilncs loww tl~all
t llC low error I)al will 1 w fcw st alldard  deviations awwy,
~~rllmwls tllc wwst-case tilnes  Trill likely lw ltla~ly stand-
ard dcviat iolts a}va~r.  So, for ally cl)osell uLIlnl)cr  of st al~-

dard (Iwiatimls,  ollc I)ar wi l l  flt tMter at tllc Cxlmm
o f  tl~c otllm,  l’llwc  is  also tl~c falldanlclltal  ~)rol)lcln
t Imt illl)u-colldit  iollal variance  call be seriously ulLdcl-
cstilllatd fol fillit(’ sets of trai[[ili~, ljzLt tml}s, as discassed
ill [4].

F’urt  l)crlilore, ~vllercas  igllolil~g out licrs is Oftml  very
Uscfal ill lllcall Cstilaatioli, it is 1(’ss al)l~rolmiatc  f o r
lwLlllds  (Jstilliatioll, sitlcc sLlclL ‘bLltlicrs” arc Iuorc Iikly
to ac tua l ly  Iw l)attcrlls  of tlLe wry l)oullds Ive are try-
ii[g to Icarll. ‘1’l~is  is  casi]y illlilgilld for l)roblellls w’it,ll
sl]arl)  ~)llasc trallsitimw  Imtlvecll colnlllol~  ~mlyllo~llial
and raw exlwllc;ltial  collll)lcxity Imullds (e.g. collstraillt-
sat isftict ioli l~rol)lcllls  [6]).

2 . 3  l’robability  Dcnsit  ies Arc I’lxcessivc

S(), t[) l(~alll t]LC W’OL’St-(’aSC’  a[ld ~)CSt-C’aS[’  ])01111(1S,  We
lKIN1 sol  I w forll} of IMO] mhilit y dmlsity est illlat  iol L llme
lmwwrful  tlLall mror  I)ars. OILC ljol)ular  tyl)c is a GaLls-
siall Illixt,urc ILmdel [3], lvllicll essential ly gwlcraliy,es
llorlll:~lly-(list ril)Lltc’cl  error  l)ars f o r  Illulti-lllodal  lnol)-
lcl[ls. I lowTvcr, t Iiis will lmt pwforJIl well for oar  quick-
sort cxaltll)le, sillcc tllcrc  d o  lmt mist solne flllite W
o f  lllodes (Collditiwlal only 011 tllc sole ilL1)LIt NT) aL’OUlld
wllicll tllc qaicksort  tillles  arc uornlally  distril)Lltd.

AlteI lLat ivcly, OIL(I  COLIIC1 tly fractimlal  }Ji[[liill~ [ 1 0 ]
;vllicll is  a  fm Ill of illl)ut-colldit  imd liistogralns  tlmt
lmrfoll~ls  ~)ml)al)ility dcl~sity estilnation  while reducing
tllc classic l)rc)l)lmn of discolltillLlity at bill l)oLllldarics
(I)y avt’lagillg tlw oLltl)uts of Ilcighl)orills  bills). l)ue  tO
its gc’llc’lality, fractiolial  l)illllillf!, slioukl ewlltLdly learn
rcaso~la})lc  }m]ll(ls, Ivit l)ill t IK’ L’cdut  iml of t lLe fixd
l)ill lvidtlw. l~ut i t  w i l l  require  silaultancoLlsly  traini-
ng tllc OLltl)Ut  S for  tc’lls, lLUIKhdS, 01 l)erhaps Cvell
tlloLISall(h  of I)ills. ‘l’lIUS1 W(I wmLIld cxl)cct its training
til~le for lmutids esti[natioll  to I)c orders  of laagllitude
,grcatm tllall  that of a sil@ repyssioll. k’LlrtllerlnOlc’,  it
\!’OUld still llOt 1(’Slllt ill alL illt CL’]) lCtablC fLlllCtiOll SUCII aS

180.1 + 1 .210qAT+ 3.4N2. l’lLas, it SCCIIW  Illorc reasonable
to view’ flact’iolml Ijillllillg as a tractat)le I)ut al)l)roxilllatc
altmlativc to tile l)rcviously lllelLtiolld  llistc)glalll-l~zisecl
llLdllod for l)artitiolkil~g lmttcrlls  ilLto high, low, aud ilL-
t erllw(liat c classes.

SUCIL lllctllods  ale ideal for l)ml~lcms fc)r  wllicll clearly
idcllt ifyillg t llc IIL(Klm  of Illult i-lllodal  dist ril)utio]ls  is tflc
fqr ,qoal, sac]]  as leanlitlg  IL Lodcls for lnalLy cwlt rol tasks.
ll~lt tllcy are cxmssiw for tlw task of lmullds  estililatiml.
Ili oLlr qLlicfmort exallll~le, }YC are l~ot asking tc) find solae
fillitc llullllmr o f  lwaks (Inodes)  ilL tllc l~oll-~lorlnal  dis-
tril)utimt  of quickswt  tilnc  across  tllc sillglc illl)Llt N.
Nor arc }VC asking for the il}l)ut -colldit  iolml l)rol)abilitiw
Of (WCI1 OLlt l)llt WILIC. Wc arc si[nl)ly asliillg \vliat tllc
iIOLLIIdS  aw, co~lditiollal 011 N .  ‘

Froll)  tllc l]cml)wtive  o f  tlic fractimlal  billllillg al)-
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l)roacll, tyeateaskitlg  fc)rasill~lel)ill wrllicllcc)lltaillsall
oftllctargds. \tTcclo ll(Jtl)altic lllarly(a lellc)\rtllc lJrcJ l]-
al~ility dmlsit?  valies  across  tflat l)ill. ltl other  w o r d s ,
w’llcrcas  fradlmlal  billtlillg C]nl)loys sonic flxd Iiutnlwr
of l)ins witfl fixd widths alkd fixed location  allcl lCRTIIS
illl)llt-COllClit  iOllal  l)~O})alJi]itiCS  fol C’aC}l,  fO1’ t]lC 1)101 )1(’111

of l)oull(ls  estilnatioll  it seems IIIOre  al)prol)riatc to silll-

])ly fix tllc l)rol)ability  (to 1) for a sillglc  I)ill all(l lcarlI

its illl)llt-collclit iol)al width and locatio)l.

2 . 4  Key Problcm:  Insufflcicnt  F’caturcs

~l]c ull(lcrlyillg  mason  misting ])rol)ability  duwity esti-
lnatioll  lnctflods  are excessive for l)oullds cstil[latiozl is
tlmt  they  l)rolnisc mow  tllatl is mquird,  slid so ill order
to dcliwr on those ~)romiscs  tflcy require Inorc t raillirlg
I)atterlts  and lIloro trai[tillg  tilnc.  NTotr tl]at tile f a c t o r s
ddillillg  the Illean and l)robal~ility  dmlsity (e.g. for quiCli-

sort:  N, dcgrcc of orclcdilms, degree of dul~licacy, de.),
call 1 m lnuc]l mow  cmllldex allcl hard  to fairly rq)rcsellt
in a finite  sd of l)attcrlw  than tllc factors ddilkillg tllc
vwst case (e.g. fully-ordered lists for scweral  N). ‘1’llIM,
onc of our lnotivatill.g  ilktuitiolls is that lmulldml csti-
Inatioll  Inay require  si,qlific.azltly fewer rclcvallt  features
(i.e. illl)uts  and lliddel~ units)  tllall  lmolnl)ility  dmlsity
cstilnat  ion.

If tllc traillilig  ~)attcrlls provide all rdcwtlt i]l])uts and
our rcppssioll lnodcl  has Suf[icimlt  flcxil)ility (e.g. ILuln-
lw of lliddcll  units), tllml the Ineall and l)c)tfl lmunds
will 1)(’  witllill  tllc target n o i s e  of CR(’1I  Otllcr. ‘1’11(’ liC’y
dilmnlua  ill }wactice  is that, a sufficimlt  yet lllallagcal)lc
set, of feat IIK,S is oftcll difficult, to dct cnnitlc.  A t lacli-
tiolml l)rol)ability  dmlsity cstiltlatiml  flalllC\vOI’li  col[LInits

to lninilniring  tllc error ill intimations of tlic l)rolml)ility
for cacll Gaussian)  l)in, etc. in tfle K’gwssioll  llCt\\rOI’li.
So, if all of tllc Iclevallt  in] mts are not availal )lc, this
call lead to a  I’iciom cycle (with dilnillisllill~  mturl]s)
of illt roducillg  ad(lit iold Gauss ial M, l)il~s,  etc., ill all at-
telnl)t  to find tflc (lmssi}dy Iloll-mistcltt)  right Iluttllxv
tlmt best  matcllcs  tllc ll)odality  of tllc ul~dcrlyillg  distri-
}Jution  ill terms of tllc availal)lc data. ‘1’11([s,  our illt Ilit ion
is that a ]liorc direct  attcunl)t  to ICarll lmutlds illstcad  of
l)rol.~al)ility  dcllsitics  should l.w muc]l ll)(m  cflicicvlt  wllcll
good feat lltes arc scarce.

2 . 5  IIarcl-I,ilnit  Bounds  Often Su~lcc

A s  furtllm motivatio]l, wc st ms t Ilat ill 0U7 cxlmi-
mlcc crisl) fulldicnlal  ]ilnits  arc actually Ilot ullcotnlliml
m ilnl)ractical  in a variety of dmnaills. F’or  exallll)lc,
(])la]l[lally-clefir~e{l)  l~igh and low A-lillcs arc ~mvasivcly
used witllill  NASA olwratiolls  as tllrcsllolds  for t rig~er-
illg alarms during  autmnatd ~llollitorillg of sl)acccraft
f o r  almmalies.  III fact, to a VCIY large mtclit, sl)acc-
craft  arc desiglld  willl collll)ollclit tolerances slid scll-
sor I)laccllmlts  that, Il)ali(? sucl] rc(l-lillillg suflicimlt for
dctcctillg  faults  ill lnally l)lausil)lc futflrc  scmlarios. ‘I’l Ic
Cost of rrlalmal forlllu]ation  allcl validation) of re{l-lillm
and tllc mistmlcc  of lnassiw archives of Inissioll scll-
sor data together I.wg for automated 1 )otlllds cst illla-
tioll. Silnilarly,  tile I\* chess seawll  algoritlllll  [2] SILOW’S

l)rolljisitlg usc o f  ilitcrval-valuccl  lmsitio)l  cwaluatiolls,
mwl thougl] a Illore gcllcral  I)rolml)ility distril)utioll  ml)-
rcsultat,ioll  (e.g. [1]) has greater rcl)resclltatiollal  ~)oww
(a,id greater  collll,utatioll  costs) .  Otllers  have succms-
fully illllmovcd qualitative masollill.g tflrougll  tile fitting
of I)iccclvis(’-ll  lollotc)llic qualltitatiw lmuILds [7].

Clearly, (accurate) l)rol)al~ility dcllsity  estilnations (if
ol)taillal)lc)  are ]Ilorc  lmwerful tllall a Inere l)air of illl)ut-
co!ldit iolml l)ou~lds,  ~mt icularly  for an al~~)licat ion for
w’llicl[ a Incattitlgful utility futlctiolt  call lw formulated
and al)l)lid across tllc dmsity. ‘1’llat co~lld lJC l)articw
lalfy lwcful for taslis  SUCIL as collt,rol. Dut as tlle al)ovc
cxalll~jlw illustrate, lnally analysis  tasliS \vould hlefit
froln lKJUILdS  cstilnatio~l that lmlalices  accuracy against
cost (Imt 11 t raillil)g and cxecut ion).

3 I]ounds Flstimation Via 2 Regressions

1$’c ddilLc tllc l)oulids cstilnatioll  ])rc)l)lcn] as follow’s:

l)cfinition  1  (Ilounds  estilnation)  Giwm  Af ~Kzt-
tC7’lLS  Of t(ll~/(’t :/ [111([  ‘i71~llltS  ?’, ,  (j(:llCl”(ltC[!  }1’Oftl  t}LC  t’1’tLC

717 Ldc7’h/z7  L{/ }//7dKMl ~ =-- f(l’] , 0’2, . . . . 2’,, L ) +- E, jild th
“@(j/  ltfSt  “ IIJIJICI’  071[1 10’WC7’ bOllll[[S  ~/[/ [111(1 ?JI, S71CfL  th(lf

~j[,  < y] < ‘ill\  ]ld[k  “ 0 S  l~llldl  [ 1 , S  j) OS SdJk! “ 1 jOT”  C(ldl  ~l(lt-

tC7”)L <IJ> 2’] ,2’2, ..>, III}LCI’C  IJ1, = ~1, (fl’]  ,22, . . ~ , 1’/) 071d

)y// = f// (:/’1 , T2, , T/,

WC allow atly 0  < 1  < m and 0 < II < ?ll, making  cx-
l)licit lmt]l C;ur e;lm;atioll tllilt scnne cri t ical  inputs  of
t Ilc gcllcrator  Iuay lw colnl)ldcly  Inissillg frola our pat-
tcrlm alIcl our cxlwctatio~l that scnne illl)uts  lnay mlly lm
Ilscful ill (It,tcrl[lillitig,  Ollc of t,lic I)ollllds, \iTt~ also lllali[~
tllc standard asslllnl)tioll  tliat tflc in~)uts arc ~miseless
wllcrcas tllc target has Gamsiall  noise ddillcd hy c.

3.1 Asymmetric C,ost Funct ion

our al)l)roacll is hasd ml tflc silnl)lc intuition that tllc
r(,grmsioll cost f~lllct iml slLould discollragc  outl)uts  lmlowr
(almvc) tf,c target for lligll (low)  lKJuIids. ‘~b do tflis, \vc
sl)lit tl~c taSli of l)oullds C5tilliatioll into tw’o illdq)ell-

dcllt rcgr(wsio~ls over tllc saluc set of lJattmks ollc to
lc:irll tllc ml)ectcd  lligll l)c)ulld ~J/ and OIIC to  lcatll  the
cxlmct d lmr l)oullcl ~~,. We dcfi[lc reslwct  iw asyltlloet-
ric cost fullctimls  I;}f slid };], ac~oss all l)atterlls T, as
SI)OWI1  ill l~ig(lrc  1. 2

1 \f’c will I)tovidc  I)aratndric  dcfinitimls  of tl)is at)d  “ii,gllt-
11{%” SIIOI  tly,

21’01 silll])licity,  fulllkcr  discussioti  focusm 0 1 1  lcaltlillg ~1(
ll.s IIIg cost  1’,}/;  Icat[llllg  j~,  uslt Ig }f;I,  I S  alialogous.
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For cacll l)attcra, l’~~,, gives tfle lml~alty  facto[  fol al~
rdonn, Wliell the lmtwxk gives aIL outl)ut  ~j}[ Iwlcw tllc
target y, and P~/,,  g i ve s  tf~c pmdty for a 7L07t-cla7/11,
wlml  yf{ > y. Mrc will call tllcse  alarlu  al~d Iloll-alarILl
lmttcrlls,  rcslwctidy. I)urillg  each trail~i[lg qmcli,  Illally
l)attClllS Call Jllllll) lJ(>tW’(’(’ll tflCW tWO C]? ISSCS,  d(VIOtd

I)v t,l~c  s e t s  p,, alld T,,, wlIcrc lPa I +  IP,LI =- I“PI =  Ar.
l;lius,  sclwt  iolL of tile I‘ and R l)aralllctcrs slmuld I)refcr
synllllctry  ilL tl~f? cc)st fanctio:l,  to llli11ilni7rc tllc’ allloull!
of cliscolltilluity  ill tl~e error  sutfaw.

M’c ca~i favol lloll-alarlns  (i.e. locmllws)  owl alwlm
(illcorrcctllcss)  IJY mal<illg  l’fl,, > 1’]/,,. ‘ h i s  i s  almk-
gous to tllc use of llolWtalidard  loss fallctimls  to ~)crfolla
r i sk  millilnizatiml  ill classificatio[t  tasks [s]. Nlotc t]]at
fmnulat illg llollstandard  loss fullct ions for classificatiml
of~ell illvolvcs relatively fmv decisions (c,g. lIc)tv costly
lnissillr, a caltccr t ulnor is versus a false l)ositil’~’).  III
cmlt rast, colnldct  dy analogous loss fuact  ions for I )oullds
regccssioll WQuld  require (Illalludly)  s~wcifyillg  tww lar~c
0((2’’) 2) lliatliccs, \Ylme 11 is the )]u]]lbcr  of hits used to
al)l~roxilnatc the’ conti[mous targets. CJur 1’ factors am
all attmlll)t  to giiill Imlcflts  o f  usi[~g ]Iollstandard  ]ms
t~itlmlt slmcifyillg  tfmt fall Inatrix

1 ‘i[$, =- 1’1),,  == 1 allcl 1{ =: 1/1/,, = 1{1/,, Riww us
t IIC class of Millkowslti-It  errors  [3], wllm’  It=-2  giws
st a~[dard slllll-c)f-s(l~la~cs  clI or allcl Ii=: 1 giws  classic 70-
kf csfi71mfio7L  (wlliclL reduces tllc cflwts  of mltlicrs).
1{1[,,  < 2  l~ccolnes  ilul)octant  Tvlml tllmc  am IIlally lmL-
alarlll  l)attmlls for tllc satllc illl)uts  for \vllicll tflc targets
arc Iilucll 1OW(’1 tlkall yf[. With  1/1/,,  > 2, Iilacllillc Inr-
cisioll liluitatiolls  c o u l d  ~>rcclude  1>}/,, flolll lmi[lg  sufli-
cimltly low to avoid those  Iluliwrous lm-alal 1(I l)attctlui
fma domilkatill~, tllc ol)tinlizatioll  result  (lcadill~ to cx-
ccssiv(~ alarlns  CISCWILPW).

T’llc slmial sylkllnctrir  case of 1’]/,,  = 1’}/,, =- ~’~,,, =
1’[,,,  = 1 ad 2(1[,, = I(il(, =- 1{1,,(  =- 1(1,,, Z- 2 gives
st alldard kast-squaccs rcgtessioll. ‘J’llusl a Collwllicllt
l)ml)clt~  Of 0111 clloiw  of cost ful~ctiorl  is tftat,  ill t IIc lililit
o f  sufltclent, inl)uts  and traiailLg lmttcrlls,  l)otll lwu]]ds
call Collvcrge  to tllc st anclard lLlcall c’still~at iolL rcsalt.

3 . 2  13 fficicmt  Linear  Ilouncls  F;stin~atiol~

WC 11OW l)rmmll  a llIdlLod for Micimlt  lilteal  lmullds es-
t ilmt iml using our asymnlctric  cost farlct iml l; f{, for a
l~ct ~vork  consisting  a sillglc lil~car out l)(lt  unit,  o f  tlte
fOllll ~li = ~~= ~ ?L]?l’i .

lkwl)ite  i t s  silnl)licity, WC lmlicw  tlmt assulnills  line-
arity will lJc IIIOrC l)ractical  for }KMIIL(lS  cstitlmtiol~  tlml
i s  tyl)ical  for otl~cr Cstilnatiml  lnvl)lcl]ls. GcIlerally, tllc
cxl)cct atiolls  oft lLc t ol)-1cvc’1  task will Ijc lmwr,  Imillg  szit -
isficd with avoidilL8 alarllls  ~vliilc ~lcjt being “too 100SC1’.
in contrast, otllcr  cstilLl:itic)ll-l~ase(l  t asks oftcll illtmid t o
use tile result, for tasks sucl~ as Iolg-tcrlu l)rdict iml or
colit ml, in wlLicll ]mcisiol~ is critical. Furtfmmorc, out
itltcllt, ion is to elnhcd  this al)l)roacll ill a colwtructivc
fcalnewnrk such as Cascade Correlation [5], f(m wllicli a
single linear  outlmt un i t  i s  ilkdd o})tilnizml l)y itself
(ul)oll ilm’rtil~g a ncw fuozml lliddm) unit).

Ilavillg  assulllcd  lilleacity  slid carcfull~’  CIICMC])  ou~ cost
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\!Tc curmitly mwlually  evaluate tile results of various 1‘
and 1/ lJy mml)arillg  tjllc lllllnl)cl of rcsull,  illf+ alilI’lllS and
tllc sutns of squawcl errors  own TO and o v e r  T,,. \f’c
have Iio fcmnal l~asis for tlaclitlg-c)flalarlll  coutlt versus
alarm  standard error  versus nm-alarln  standard mm;
ultimately this will lm very task-slmific.

4 E x a m p l e s

l’or  silnl)licity  ill clisctlssi~lg tllescexallll)lcs, llcrew(’llsc
t i l e  1{ atld 1’ ~)aralnetcr  sdti~lgs  defillcd f o r  tllc Iligll
lmul]dlyllm]  ICarl]illg tllclollr  l)c)llli(l aswcll.

4.1  ~omplcxity  130unding

A s  siml)le dclllfnlstratioll  of discoveryitlg  quicksort-lilw
cotnl)lcxity  boutlds, consider a Inixed gmmatol wrllicll
mnits  tu’o tylms of outputs: y] = 0.2A’2  + 5 al~d y2 =
2ATIOT2AT+  3+ 2. Fortllet  ellN=l,10,20,..,,9  [),v’cgcll-
mate one l)atterll < yl, Ar > and flvc distinct  })attulls
<  y2, Ar >, t\’lNnr  tllc five y2 values for cacl] NT are dc-
fillcd with z=.2iN  for i = 0,..,4. ‘1’llis giws a total of
60  pattmls. As ille first I)lot (2a) of F’igurc  2 SIICWS,
foreadl  Nalloftl]e y2~al[lescl[lstc1  ilttosl~olt~cltic;il
l)ars. For N=], VI <  y 2 ,  l)ut l)y arould N=GO  tllc ?L2
tcrllll ~cgillst oclolllillate  (i.e. y] >y2).

1800 (a) 1!00 (b) 2000 1800
1600 / .,”. \ ( c )

(a\
, 16YJ

0/’:  , .,,,,2011:
010103040506070 8O9I3IOO 010203114050 6!~08!;Oi~?D0h 10203040ifliOiOE09  Oli;OOOl  0ibj040iOiOiG809  OlOO

Fi&urc 2: Example  complexity Iloullcls
‘1’argcts })lottd  as dots aIId lK, UIICIS ],lottd as  dotld-lirlcs.

For various 1‘ and R paranldcrs,  W’ trailiwl  scvcll lin-
ear IId works, dclloted  l)y their  lnost  COIU1]lCX  tm lti of NT:
~] = f(l), .f~og,~ == ~(l,~~mhr)t .fN = ~(l)~omAr,Ar),
. . . . jz~ Y f (] , log2A’, A’, A’log,Ar, A’z,  Ars, 2A’).

~’l)e sillglc lillc ill ~dot 2a sllmvs tllc lneall estilllatiml
f o r  IIctwork fN2 (via  S\TI) ol silnilarly  11’J/,, = 1/}/,, =
2, 1’1[,, = 1’1[<, = 1). 1+’01 each NT tile Itlcall cstilnat  ion
is sifylificalltly  disJ)laccd toward  tllc Inorc Ilulnmms  tar-
~cts gmlcrated  from y2, so that variance-l )ascd error  I )ars

Colllll)oll oc(’llllcIlce ~lct~t’orks Ivitli ilksuflicicmt fea-
tures  tclld  to I)C readily ddcctallle duc to loose I)ounds.
Sitliilarly, tllc lligll lmullcl for tlic wildly overly  -colnplcx
feat (11(’ 2 “ of jz~ w’as  mtrmllely  10 0  S C) since trainill~
rcacliccl a wrciglltcd-tcrln of 0.000001 2“ ~~llicll mnovcd
all alaTIns  for tllc lli~ll l)outld, and 1’1/,,  = O gave 110 error
to drive lcarliillg  ally furtllcr.

]’lot 2d slimvs lmullds fol  .f.N2 usit~g I{J[,,= 2 ,  1{][<,=
lo, 1’1/,,=  0.01, 1’1/,,=1  ‘1’lK’ 1L(I1I-ZC1O  l)cllalty  1’}/,, fol’cd

lIouII(ls inwards wliilc tlm lligll RII,, cIIsurd that alarms

WI(’ smwvly ])cllalizd. ~’lIesc arc lIlucll  tiglltcr tllall  2b,
at tllc l)rice that a single very slllall alarln  (of al]solutc
sq~lard error  around  2) occurs ill eaclk l)oulkds.  Mos t
Iloticeal)ly, tile loosmlcss  ill tllc lmv lmulld  at N=-10  f o r
21) lm I)CCII ilnl)mv(d.  l’llis  was tllc lmt result  of our
slllall slmt-cllccl<illg over I{ and 1’. It yields a  l]articu-
larl~r good solutiml  of tllc ulldcllyillg  lnixd comldcxity
of tllc gmlcrator:  fN21{ = 4.88 + 20.4410g1Ar  +- 37.0AT  –
7.81 Arlo.q2A’ + .33A’2 al~d fAIZ1, = – 1.13 -- 5.410.qz Ar –
9.1 GA’ + 3.19ATIOY1AT + .02A’2. III contrast, for same
R  slid 1’: ~AIS}l =- 1 . 0 2  + . . + 0.73AT2  – 0.005Ar3 ad
~A,~l, y ()+ + 0.000021” A’2 +- 0.0014A’3  suggests that
tllc A’<~ tcr~tl ~Ilay lm c)velly-(c)]lll~lcx for tl]c data.

4 .2  Tlig-Oh  E x a m p l e
7)11(’  CIOS(’St  1’(’lat  (’{1 T\’01’1{  is t 11[: 1’CCC1lt  M’ol’]i  Of IL’lCGCOCll
aIId Coliml [8], w’llicll l)resclkts smwl  IIctlr  istics for at-
tcllll)ti~lg t o  al)l)roxilllate  tile lnagllitudc  o f  l)cwt-case
al Id wwrst,-case. I’llcil  al)] )roac]t  also requires four or-
acles, to IJrovide al)l)rol)riatc  trending  al)d stqksize dc-
terllLillatioILs.  l’llcy I)resmlt  tllc results  o f  these  hcuris-
t i c s  ill t Iyit[g t{) fi[l{l  7111~K,r  :111(1 lolvcr lmllllcls 011 tll[’

I’aluc of b of a variety of gm:rator  functions  of tllc forln
j-(:1) = (,,lf’ + (.r’f -t c, for l) > d, givc]l  mLly six l)atterlls

for the f == 8,16,32,64,128 cases.
‘I’l Lc first l)lot (3a) of Fi&urc 3 snows tllc wsult  of

oul  trailiilig  tllc l)revious Ilctumk wliosc cmnplexity  i s
Icmw t hall t lie mltllkxity of tltrir test fullct iml for y] 1,
Ilalll(’]y  j/of,22 = f(l, log~fi), ~vitll I{J1,, = 1/1,(, =2, l’}f,,  =
l’\[(,  =- 1. I’lot (31]) sllcmrs that rmsillS  tile r e s u l t i n g
lvciglits to sed a training  ~vitll 1’[/,, cliallgccl t 00 msultjs
ill alanll-fm l)oul~ds  Tvitll s t i l l  collsidma})lc  loosellms.
Ilmrmw,  gd t ing owl a loose lmulld for this .galerator
is  significant ill that tlwir  wlmrtd that  no]le of their
l]curistics  w(W  al)lc t o  find citller  all ul~l>cr or a lmvcr
Iloullds for 1) for y] 1.
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j, I iss110itIlitiijlcJt(3c). l$~itll tllc)se res[lltitlgw [igllts
hcingrcusd  tosd atraillillgwitll I’11,,  cllallgdtofl,
tlm result  isl)lc~ttdill 3d.

llllC intention of introducing  tIlese ]lmv IKtworks was
to }Jrovidc  a Illwuls of determining  (to mlc sigylificallt
dccilltal  place)  tlm Ijower fJ of interest. Givml that our
l)wvious co~nl)lexity Ilctmrl{  f, is al)lc to fit tllc d a t a
with little residual looseness, this  would  l)c a rcasolml)lc
]mxt step Cvcll if we didn’t  know tlic forltl of tllcir  .gcl L-
crater. Manually cxalllitlillg  tllc weigl~ts  and errors  of
tllcsc~~ct~vorks aflt’rtrailLillg  ~!ritll }’J/,,  =-~ (basdoll ilii-
tial~l’c’iglltsf rol[ltraillillgv’ itll l’f~,,=l),}t’elioticccl  tlmt
CVCI1  .~, 3 isal~lc to fit tllcclatawitll low error.  l’lwlowcst
errors  (by an ordcrof I[iagllitudc)  wwebotlt acllievd for
tllel~oulldsof~, 7; curiously, .7istl~c,  I)o~\’er l~et}\’c,ctltllc
tfvocc)llll)ctilig  l)oJ\’ersofx  ill tlir gcvlcratorforyll.  Wc
arellot clailllillgal)ysotlllcl  algoritllln  forfill(lillgljollllcls
b, l)ut it is illtercstillg  to scc that Cxl)lorillg  tlie cmm-
qumlces  of various I{ ad 1’ valacs call lead to l)otelltial
illsiglit  aljout  tl[e data.

5 Discussion
~’llis lmlmr lLas argad that tllcre  mists all illllmrtallt  I)ut
lleglcctd class of prol}lcms  called boul~ds  (Jstil[mtioll fbr
wllicll prcwioas regrmsioll  teclllkiqum call he ill-suikd.
we llavc dcvelopd a lnillci~kd cost function  for tlicsr?
lMol)leIns,  a sl)ccific lnc.thod for cflicimlt, linear  bounds
estilaatioll using tlkis cost fu~lctioll, slid have l)reselltcd
l)rolnisillg elnpirical  results.

[)~lrl)rol)c)sccl flall~cwc)rks( ll)lJorts aTL@i7tLc f101LlLdi7Lg,
ill ~vllicll tllc currcvlt  sd of fcwtuws  call lJC usd to kv~rli
l)oullds with 110 (Orfcw) alar[ns,  but, with lmllal)scoll-
sidcraldc  100 SC VICSS. As l~cttcr features lNcoIt  N availal]lc
(e.g. llcl\'sc'llsc~rs  cJrcxtc*llttlfe at[lltccJ1 lst*Llctic~l,I~*c~-
ccdurm),  i t  call lcarli  tiglltcr lmulids.  tVe bclicvc tl~is
allytilnc  prolmty  will lmovc very useful ill rca-wolld al J-
l)licatiolts  sucli as autolaatml Illonitorillg.  111 sLlcll al)-
plicatiolls,  loose l)oullds arc useful so long as tlkc false
alarla rate is low. IJoose bou]]ds  0]) lnany  ~xml)cctivcs
(e.g. ra~trsc'lls()rs, (lerikatiires,I) owclsl)cc tr:L)callofLcll
lwll)dctcct allolllzLlics tlkatlloe xistiligtigllt Imllldscall,
since faults call mallifcst  ill so Illally ways.

5 . 1  Limitatic)m
A s  Illclltiolld earlim,  if we ~icver tlaild 011 quicksort
~)atterm  rqm:scntillg fully-ordered lists, lvc woald uli-
dcmstimatc tllc Colmy)tual lligll lmulld, WC vimv tltis as
all exalnlk of tllc classic difficulty of Cxtral)olatioll.  \f’c
lmlicw  that using cmr al)proacll  to concisely relncllilm
tllc historically olmnd illl)llt-collclitiolLal bounds  will
bemcful 011 its Own,  sucll as for avoidingt]lc  salncfalsc
alarllls  duritlg  fatare Illollitoring.  We curmltly IJlakc  ])o
strollgclailns about g,ellmalizatioll  ability; avoid illgovcl-
fitting wllik  adjusting R and I’ parallwtms  will l)rol)allly
rccluirc  careful use of validation) sets during  trailii~ig.

A laorc  fulldalncl~tal  litllitatioll  is tlmt our al)l)roacli  is
IIot  well-suitd fol ikratd ti[ne-series  ~)rcdictioll, silkcc
tllc  lJoLInds could quickly degrade outward  to exttelllc

vducs. I~c)ritel  atecl~)rcclicti[ )ll,as It'itllc() lLtrc)l)lvt'  1*'olllcl

(’xl)wt IIlorc gmlcral (and costly) l)rol)al~ility dmlsity cs-
tilLmtioll to usually k required.

5.2 -Fllture W o r k

Altlml~ll  .gKoulidd  OIL solid ])rincil)lw, our l)rol)oscd
asyllltlletric  cost fLlllctiolL is l~ot tlm oILly ol)tioll. C;ivcvl
our initial  cvlcouragillg  wsults,  ii scmns  w’ortllwllile to
also CX1)1OK’ ltlorc exotic  oIlcs, sucli as 011[:s lvllicll do Ilot
slmializc to statldad s[tlit-c)f-scl[lares.

It al]lmars tliat olic s h o u l d  Iw al)le to lLalldlc nega-
tive l)atterlls  (i.e. ollcs tl~at s/LotLkl Iw abow tile lligll
l)ouli(l) ly extclldillg  tlic dcfillitioli  o f  cfl to illcludc a
lL(w’  lwllalty  telln f o r  y~l l~eillg al>ovc such a Ilcgative
tar.get, ~vitll zero Imlalty for yl{ l)elo~v  that targd.

WC also Ilot c that \ve liavc Ilot yet test cd this al)l)roacll
ill a II1OK’  gelmral llolllilwar  fralllcwwrk,  such as mural
lldworks  lvitll lliddml uliits.  III l)art,  llo~vcver, tlkis i s
Iwcause wc favor first cxl)lorilLg I)rc-ol)titllizatioll  feature
mlstractio])  mctllods  (e.g. [9]), ~vllicll WC suslmct might
allow silIiIJlcr  linear  ol)tilllizat  ioll to oftml suffice.

IJor tllc Imar future, we are l)lallllilkg all eml)irical  com-
l)arisoli 011 a wal-world  sl)acecraft  dolllaill  agai[ist  otltct
l]rol)al)ility dmwity  estilnatioll  tcclllliqucsj  to better ull-
dcrstalld  TVIICVI lligllcr-l)recisioll  l~oullds estimation lnigllt
still wralralit tllcir  lligllcr col[ll)lexity.
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